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Abstract. In this paper, we propose a method based
on deep neural networks to generate the reentry
trajectory of hypersonic vehicle. There are some
complex constraints in the reentry trajectory
optimization problem, such as dynamic pressure
constraint and no-fly zones for threat avoidance.
It’s hard to present the real-time controls by
traditional optimal control methods, due to the
limitation of onboard computer. In order to obtain
the training data, we adopt gauss pseudo-spectral
method (GPM) to compute the optimal trajectories,
which contain the optimal states and controls. Deep
neural network (DNN) are trained with the optimal
states and controls. The reentry trajectory driven
by the trained DNN is efficient, and the trained
neural networks can present the real-time optimal
controls, according to the reentry states of
hypersonic vehicle.
Keywords: trajectory generation, deep neural network,
hypersonic vehicle

1. Introduction
The performance of the hypersonic vehicle is
directly affect by the reentry trajectory. Those typical
methods to solve trajectory optimization can be
divided into direct methods and indirect methods.
Using the direct method to solve reentry trajectory
optimization problem is a very tedious task, because it
has many complex constraints. Over the past decade,
Gauss Pseudo-spectral Method (GPM), one of the
indirect methods, is widely adopted to deal with this
problem. Yang et.al.[1] presented a GPM with the
improved mesh refinement algorithm to the reentry
trajectory optimization problem with multiple path and
terminal constraints for the three-degree-of-freedom
model of a hypersonic vehicle X-33. They prove the
effectiveness of GPM to solve the reentry trajectory
optimization with typical constrains. Zhang Y. et.al.
use the GPM to generate an optimal trajectory for
unmanned combat aerial vehicles[2]. However, it is
hard to provide the real-time control for the limitation
of onboard computer.

In recent years, many researchers aimed to propose
new methods to solve this problem. Thanks to the
success of neural networks in classification problem,
the methods based on neural networks are presented to
solve the optimal control problem. Effati and
Pakdaman proposed the artificial neural networks
(ANNs) to approximate the solution of Hamiltonian
conditions based on the Pontryagin minimum principle
(PMP)[3]. The weights of ANNs can be trained with
an error function which contains the PMP conditions.
Levine proposed a deep and recurrent neural network
to represent a control policy for a continuous, highdimensional locomotion task[4]. He has successfully
trained the neural network controllers with thousands
of parameters. Carlos et.al. used the deep artificial
neural networks to approximate the optimal statefeedback control of continuous time, deterministic,
non-linear systems[5]. They found that deep networks
significantly outperform shallow networks in the
ability to build an accurate functional representation of
the optimal control. Zhu et.al presented a real-time
optimal thrust controller during lunar landing with
deep neural networks[6]. This work offers the
possibility to get an approximate solution of co-state
equation by the deep architectures, without timeconsuming iterative process. A deep recurrent neural
network (RNN) controller was presented to control a
sophisticated and highly nonlinear flight vehicle[7].
Compared to a traditional gain-scheduled LQR
controller, the RNN controller has better robustness.
This work proved the effectiveness of RNN controller
for flight control applications. A deep neural network
is successfully trained to present the solution to the
Hamilton–Jacobi–Bellman policy equation in four
different cases of pinpoint landing[8]. Those studies
provide a possibility for the application of neural
network in aerospace domain.
In this paper, we attempted to propose a real-time
controller based on the DNN to generate reentry
trajectory for hypersonic vehicle. The network is
trained with the states and controls of optimal
trajectories to approximate the optimal solutions. In
Section II, we introduce the reentry trajectory
optimization problem, and give the typical constrains
of this problem. In Section III, we describe the

The 9th International Symposium on Computational Intelligence and Industrial Applications (ISCIIA2020)
CITIC
Jinglingon
Hotel
Beijing,
China,and
Oct.31-Nov.3,
2020
Beijing,
China, Beijing,
Oct.31-Nov.3,
2020
The 9th International
Symposium
Computational
Intelligence
Industrial Applications
(ISCIIA2020)
CITIC Jingling Hotel Beijing, Beijing, China, Oct.31-Nov.3, 2020

1

Ma, T. and Sheng, Y.
architecture of the deep neural network and the method
to train the network. A dataset to train the network is
obtained with GPM. In the following Section IV, the
reentry trajectories generated by the DNN and GPM is
compared with each other. And we prove the
performance of the networks.

2. Reentry Trajectory Optimization
Problem

the cost function J is given by:

2.1. Mathematical model
The vehicle model considered in this paper is
proposed by Shaughnessy et al[9], which is a wingedcone configuration. In order to simplify the dynamic
model, we assume the earth is a nonrotating and
symmetrical sphere, and the vehicle can be regarded as
a point. The longitudinal dynamical model of
hypersonic vehicle can be described as:

h  V sin 



(4)

subject to the Eq. (1), and the following constraints,
the control constraint:
(5)
 min     max
the boundary conditions:
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where  min and  max are the minimum and maximum

The
state
vector
can
be
defined
as
T
4
,whose
components
are
altitude,
x  h,  , V ,   
range angle, velocity and flight path angle of vehicle,
respectively. Re is the radius of earth, m is the mass
of vehicle, and  is the gravitational constant. D and
L are the drag and lift of vehicle, respectively, and
can be expressed as:

1
V 2 S  CD
2
(2)
1
2
L  V S  CL
2
where S is the reference area of hypersonic vehicle,
and  is the atmospheric density that can be
D

described as  =0 e   h ,  0 and  are the
atmospheric density at sea level and the density
coefficient, respectively. CD and CL are the drag and
lift coefficients. They can be approximated using
curve-fitting techniques and expressed respectively as:
(3)

CL  CL 0  CL1  CL 2V
The control variable u is the angle of attack  .
More details can be found in[10].
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the path conditions:
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Re  h
 D  sin 
V

m  Re  h 2

2.2. Optimal control problem of Hypersonic
vehicle
In this paper, we consider the following type of
optimal control problem. Maximizing the velocity can
improve the performance of the re-entry process of
hypersonic vehicle, when the range angle is given.
Therefore, it’s to find the optimal control  over t in
the time horizon [t0 , t f ] to maximize the velocity, and

of angle of attack. Q is the heating rate and the
maximum is Qmax . q is the dynamic pressure, and it
must be less than the maximum value qmax . N is the
aerodynamic load and the maximum is N max . g is the
gravity coefficient at the surface of the earth.
Without loss of the generality, the optimal control
problem of hypersonic vehicle can be considered as
the two-point boundary value problem (TPBVP). It
can be summarized as the following general form:

min

J    x (t0 ), t0 , x (t f ), t f

s.t.

x  f  x (t ), u (t ), t 



B  x (t0 ), t0 , x (t f ), t f   0

(8)

C  x (t ), u (t ), t   0
t0  t  t f
The Eq. (8) can be gotten from the cost function,
dynamical model, boundary constraints, path
constraints and control constraint respectively.

3. Deep Neural Networks for the Optimal
Control
In this section, we provide the network architecture,
training data and training method to approximate the
optimal solutions. The optimal control system based
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on deep neural networks is shown in Fig.1. The deep
neural networks are trained with the data of optimal
trajectories. And it will produce a control command,
according to the states of hypersonic vehicle.

Fig. 1.

Optimal control policy

3.1. DNN Architecture
As shown in Fig.2, the deep neural networks
architecture is proposed. It’s a simple feedforward
architecture and has seven layers, which include five
hidden layers. There are six inputs, one output and five
hundred units in the hidden layer. The next section
describes the inputs x in more detail.

3.2.1. Generating Optimal Trajectories
In order to training the DNN, we build a dataset that
contain optimal trajectories. Each optimal trajectory
consists of the optimal states x * and optimal control u* .
For the reentry trajectory optimization problem, we
give a lots of different initial and terminal conditions.
Table. 1 is shows the range of some initial and terminal
conditions. The initial range angle is constant zero.
The boundary constraints of the optimal control
problem will be given, when the initial conditions and
terminal conditions are determined.
Table. 1 The range of initial and terminal conditions.
.

Initial
altitude

Initial
velocity

55~ 65km

5~ 7km/s

Initial
flight path

Terminal
altitude

Terminal
range
angle

0 ~ -10。

30~ 35km

80 ~ 110。

Then we use GPM to compute the optimal trajectory.
As a numerical technique, GPM transforms the
optimal control problem to a nonlinear programming
problem (NLP) by using discrete approximation[12].
The Eq. (8) can be described as the Bolza form as
follows:

min

J    x ( 0 ), 0 , x ( f ), f

s.t.

f  x ( ), u ( ), , t0 , t f
2
B  x ( 0 ), t0 , x ( f ), f   0
x



t f  t0


(10)

C  x ( ), u ( ), , t0 , t f   0

Fig. 2. Deep neural networks architecture

The output zij of the unit i in the hidden layer j
can be described as the following form:

zij    wij z j 1  bij 

3.2. Generating Optimal Trajectories and
Learning the Optimal Control

(9)

where wij is the vector of weights, z j1 is the output
vector of the previous layer, bij the bias corresponding
to this unit, （ ）is the activation function. The
activation function is the important component of
DNN architecture, and it has many different kinds.
The rectified linear unit (ReLU) and sigmoid
function are common function. The ReLU can avoid
the vanishing gradient problem, compared to sigmoid
function[11]. In this paper, we select two different
kinds unit for the hidden layers and output layer. For
the hidden layers, we use the sigmoid function as the
activation function for units. And we select the ReLUs
at the output layers.

 0  1     f  1
where  is defined as the following form:
t f  t0
2t


t f  t0 t f  t 0

(11)

The state x ( ) and control u( ) can be approximated
by the discrete states x( i ) (i  0,1,
discrete controls u( i ) (i  1, 2,

, n) and the

, n) as follows:

n

x ( )  x( )   Li ( ) x( i )
i 0

  j
Li ( )  
j  0, j  i  i   j
n

(i  0,1, 2

, n)

(12)

n

u( )  u( )   Li( )u( i )
i 0

  j
Li( )  
j 1, j  i  i   j
n

(i  1, 2

, n)

Where Li ( ) and Li( ) are the basic of
Lagrange polynomials with degree n and n  1 . The
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discrete states x( i ) (i  0,1, , n) consists the
initial states and discrete states at the Legendre–Gauss
nodes  k (k  1, 2, , n) , and the discrete controls

where h and  are the current altitude and range angle,

u( i ) (i  1, 2, , n) is the controls at the Legendre–
Gauss nodes. The Legendre–Gauss nodes are the roots
of Legendre polynomial with degree n. And the
differential equation of states at the Legendre–Gauss
node are described as the following form:

x   h,  , V ,  , dh, d  

n

n

i 0

i 0

x ( k )  x( k )   Li ( k ) x( i )   M ki x( i )

(13)

k  1, 2, , n
where M ki is the elements of differentiation matrix
M

n n 1

, and it’s given by:

respectively, h f and  f are the terminal altitude and
range angle. Therefore, we define a new state vector
T

optimal states x , we can get the new optimal states
x * .
The range of optimal states are different with each
other, and it will affect the rate of convergence. In
order to improve the convergence speed of network
training, the optimal states x * are normalized to
obtain the network inputs x :

*
x*  xmin
*  xmin
*
xmax

(14)
ik

(18)

 are the minimum and maximum
 and xmax
where xmin
*

*

ik

. According to the

*

x=


1   k  Ln  k   Ln  k 

  k   i  1   i  Ln  i   Ln  i  
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 1   k  Ln  i   2 Ln  i 

 2 1   i  Ln  i   Ln  i  

 

6

of each optimal state, respectively. Then the train sets
are set up with the optimal states x and optimal control
u* .

the Ln   is the Legendre polynomial with degree n.
Consider the boundary constraints, the terminal states
should increase an additional constraint[13]:
x  f   x  0  

t f  t0
2

 f  x   , u   ,
n

k

k 1

k

k

k

, t0 , t f   0 (15)

where  k is the weights of Gauss-Legendre
quadrature. To solve optimal control problem, the
Eq.(10) can be expressed as a nonlinear programming
problem with the state and control approximation
equation:
min

J    x( 0 ), 0 , x( f ), f

s.t.

x  f   x  0  
n

M
i 0

ki

x( k ) 

t f  t0

2
t f  t0
2



  f  x   , u   ,
n

k 1

k

k

k

k

, t0 , t f   0

f  x( k ), u( k ), k , t0 , t f   0

B  x( 0 ), t0 , x( f ), t f   0
C  x( k ), u( k ), k , t0 , t f   0

( k  1, 2

, n)

(16)
By solving the nonlinear programming problem, we
obtain three thousand optimal trajectories. There are
some of the optimal trajectories shown in Fig.3. Three
hundred flight states and corresponding controls are
selected from each optimal trajectory.
Because the terminal location has been determined,
we introduce two new state parameters, inspired by the
guidance law form. The new state parameters are
residual altitude dh and residual range angle d , and
they can be expressed as follows:

dh  h  h f

d     f

(17)

Fig. 3. Some of the optimal trajectories

3.2.2. Training the DNN
Along the training process, we add a dropout layer
between each layer to improve training efficiency.
Then with dropout layer, the Eq. (9) can be described
as:

z j 1  r j z j 1

zij    wij z j 1  bij 

(19)

The vector r j contains Bernoulli random variables,
which have probability p to be 1. More details about
dropout layer can be found in[14]. The dropout layer
has a good effect on reducing overfitting.
We use the datasets to train the DNN with stochastic
gradient descent (SGD) and a batch size of n  16 .
The loss function to be minimized at the training
process is given by:
n

Jn  
i 0

2
1
N( xi )  u* 

n
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N ( xi ) is the output of DNN, and u* is the optimal
control. Every weight wi is updated with a learning
rate   0.003 and a momentum   0.9 :

vit  vit 1   vit  

J n
wit

(21)

wit  wit 1  wit  vit 1

We set 15 epochs to train the DNN with all training
data.

4. Results
To verify the validity of the DNN after training, we
generate the reentry trajectory with DNN. The initial
and terminal conditions is included in Table. 2. It's
consistent with the range that we proposed before, but
not included in the train sets of optimal trajectories.

DNN present the control with the real-time states of
vehicle. We obtain the trajectories with the trained
DNN and the optimal control obtained by GPM, as is
shown in Fig.6. The DNN-driven trajectory can still
meet the quasi-equilibrium glide condition under the
influence of aerodynamic interference, compared with
the GPM-driven trajectory. The terminal states of
T
trajectories are xnf  33.9km, 89.5 , 2.66 km s , 0.11  and
xgf  33.7km, 89.35 , 2.62 km s , 0.08 

T

,

respectively.

According to the simulation results, the trained DNN
is an effective strategy for generating the reentry
trajectory, and it also ensures the robustness of flight
system.

Table. 2 The initial and terminal conditions.
.

Initial
altitude
60 km

Initial
velocity
5.5km/s

Initial
flight path

Terminal
altitude

0

33km

Terminal
range
angle
89.5。

As is shown in Fig.4, the control value un obtained
by the trained DNN successfully approximates to the
optimal control ug obtained by GPM. The maximum
error between un and ug is less than 5%. The reentry

Fig. 5. The Reentry Trajectory

trajectories generated by the trained DNN and GPM
are shown in Fig.5. The terminal states of DNN-driven
T
trajectory are xnf  33.3km, 89.5 , 2.67 km s , 0.1  , and
The terminal states of GPM-driven trajectory are
T
x gf  33.01km, 89.5 , 2.63 km s , 0.09  . The error of

terminal altitude is 0.3km, it’s acceptable for the
reentry trajectory problem.

Fig.6. The Reentry Trajectories with Interference

5. Conclusions

Fig. 4. Angle of Attack

In order to study the performance of the trained
DNN, we introduced 10% aerodynamic interference
into the simulation of flight system. Then the trained

In this paper, we have proposed a deep neural
network to present a real-time control for generating
the reentry trajectory. The performance of the trained
DNN is demonstrated with the different initial and
terminal states. The trained DNN has good robustness
against the aerodynamic interference. We satisfy the
reentry trajectory generated by the train DNN. And it
is a practicable policy to use the DNN to generate the
reentry trajectory.
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